Magneto-sensitive elastomers (MSEs) are composite materials with ferromagnetic particles embedded in rubber matrices. Their mechanical properties can be changed by applying an external magnetic field. Although their stiffness and damper properties have been extensively studied, only a few studies have been involved with their magnetostriction behaviors, which have potential applications in sensors. To observe the interaction mechanisms between mechanical and magnetic fields and to investigate the magnetostrictive effect numerically, a novel magneto-structural coupling algorithm was developed. A magnetostrictive test system was also developed and fabricated for validating the simulation method. Several MSE samples embedded with millimeter-sized particles were fabricated and tested. The simulation results agreed well with the experimental results. Also both of them showed negative magnetostrictive strains for the specified samples and test conditions in this study. The contributions of four influencing factors were evaluated, and some results were concluded. Before magnetic saturation, the bigger the magnetic field strength is, the stronger the magnetostrictive effect is, and their relationship follows a quadratic polynomial expression. The closer the distance between two adjacent particles is, the stronger the magnetostrictive effect is, and their relationship satisfies a cubic polynomial equation. The higher the particle volume fraction is, the stronger the magnetostrictive effect is, and there is a linear relationship between them. The particle diameter has little influence on the magnetostrictive effect.
Introduction
Magneto-sensitive elastomers (MSEs) such as magnetorheological elastomers (MREs) [1, 2] belong to a class of smart materials whose mechanical properties can be controlled by tuning the external magnetic field intensity. With the presence of an external magnetic field, the samples made of these materials will change their shapes and dimensions, and this phenomenon is well-known as the magnetostrictive effect [3] [4] [5] [6] [7] . In 1974, Clark first found that Terfenol-D had the largest magnetostrictive strain at room temperature, and therefore this was called a giant magnetostrictive material. Recently, Danas et al [7] found that MREs could experience double the magnetostrictive strains of Terfenol-D. This means that MSEs could be an attractive potential substitute in sensor design [8] .
In general, MSEs are fabricated by distributing ferromagnetic particles in elastic matrices, randomly or in chains. The former is cured without a magnetic field, while the latter is cured under a magnetic field [9, 10] . Although some research demonstrated that the magnetic field responses of stiffness and damping depend on the volume fraction and distribution of particles in the matrix as well as applied magnetic field [9] [10] [11] [12] [13] , only a few studies were related to the magnetostrictive effect of MSEs [5, 6] .
In the previous research, the behaviors of MSEs were studied mainly analytically or experimentally. The former is based on the magnetic dipole theory [11] [12] [13] , which is reasonable only if the inter-particle distance of MSEs is much larger than the size of the particles. However, this assumption is invalid in the real MSE samples in most cases [14] . In addition, this theory is only valid statistically for the interactions between adjacent particles and cannot consider the magneto-structural coupling interactions individually [11] [12] [13] . The latter is expensive and time consuming, and the magnetostrictive mechanism also cannot be revealed directly because it is difficult to measure the internal magnetic field distribution around the particles on a micro-scale. For the above reasons, an accurate numerical analysis method is required.
The main purpose of this paper is to reveal the interaction mechanisms between particles and investigate the magnetostrictive effect of MSEs. In section 2, the magneto-structural coupling algorithm is introduced. In section 3, a detailed description of the sample preparation, experimental facilities and measured results is presented. In section 4, the numerical simulation method and detailed results on distribution of magnetic force and magnetic field, structural deformation and stress inside the samples are displayed and expounded. The simulation results are also compared with the measurement values, and they agree with each other very well. In section 5, the magnetic dipole interaction energy method is introduced, and several empirical formulas are derived and discussed based on a series of simulation results. In section 6, some conclusions are drawn.
The magneto-structural coupling algorithm

Magneto-static
Magnetic field and induction are linearly related as
where µ 0 = 4π × 10 −7 (N A −2 ) is the vacuum permeability, B is the induction field, H is the magnetic field, and M is the material magnetization.
Magnetic force.
The interaction energy U of a magnetic moment m placed in an induction field B is defined as
If the magnetic moment is placed in a non-uniform field, the moment will experience a force F to decrease the interaction energy.
2.1.2. Magnetic torque. In a uniform field, if the moment and the magnetic field are not parallel, a magnetic torque T will act to align the moment in the direction of the field, which reduces the interaction energy. The magnetic torque is defined as
When a magnetic dipole moment is aligned with the external magnetic field, the magnetic torque becomes zero. Therefore, considering the dipole moment is parallel with the magnetic field in this study, the magnetic torque is not taken into account in our simulation.
2.1.3.
Maxwell's equations. The scalar potential method for magneto-static fields is used in this study, and the reduced Maxwell's equations for magnetic fields are
where J is the applied source current density.
Mechanical constants
The elastomeric matrices are usually considered as hyperelastic materials. In this study, the matrix can be simplified as linear elastic isotropic materials based on test results.
Hyperelastic materials.
The Ogden model is often chosen for its high versatility which allows it to fit almost any experimental data in most situations. The Ogden strain energy potential has the following form [15] :
where λ i are the ratios of the current length to original length in three principal directions, and µ i and α i are the material constants fitted by experimental results. If incompressibility is assumed, then λ 1 λ 2 λ 3 = 1. For n = 1 and the specified strain range, this model reduces to the linear elastic isotropic model.
Linear elastic isotropic materials.
The elastic response of the material to external excitations is described by a set of intrinsic elastic constants. For isotropic materials, only two different constants are required to define the elastic behavior completely. Generally, three constants are often used, namely Young's modulus E, Poisson's ratio ν and shear modulus G, and they are related as
For incompressible materials, ν = 1/2 and G = E/3.
Coupled-field analysis methods
There are two types of method for solving coupled-field problems, the direct method and the sequential method, and their coupling matrix equations are expressed as equations (9) and (10), respectively. Direct method,
Sequential method,
The direct method involves just one analysis using a coupled-field element type containing all necessary degrees of freedom (DOFs). The element matrices contain all terms of both fields. Since a universal magneto-structural constitutive model of MSEs has not been established and it is difficult to build the direct coupling matrices, the sequential method is used for solving magneto-structural coupling problems in this study.
Magneto-structural coupling flow chart
Based on the sequential method, a magneto-structural coupling scheme is provided in figure 1 . It is suitable for most magneto-structural coupling problems, for instance estimation of magnetic field-dependent mechanical properties and magnetostrictive effect, and influence of pre-stress on magnetostrictive effect, and so on.
Based on the commercial software package ANSYS, the magneto-structural coupling flow chart is introduced as follows.
(1) Build the coupled-field model and write each field physics environment file respectively (dashed lines mean an alternative path).
(2) Start iteration and set the initial value of S f . S f is a symbol to judge the calculation starts from which field (if S f = 1, starts from the magnetic field; if S f = −1, starts from the structural field). S is a symbol to judge if the iteration completes a whole magneto-structural coupling loop, and which is the current field.
(3) If S f = 1, read in the magnetic field physics environment, and the magnetic forces are calculated by using the magnetic field model (if S f = −1, the calculation starts from the structural field). 
Test descriptions
The traditional MSEs with micrometer-sized particles distributed in a non-transparent elastomer matrix made them difficult to be observed and measured. Hence, several samples with millimeter-sized particles embedded in a transparent silicone rubber matrix were fabricated and their magnetostrictive effects were investigated.
Sample preparation
The MSEs were fabricated using millimeter-sized (particle diameter D: 4 and 8 mm) pure iron particles embedded in a silicone elastomer matrix. The particles are provided by Puning Yongda Iron Particle Factory, China, as shown in figure 2 . The silicone elastomer (Model: SE901) is provided by Kenseer Polymer Technology Co. Ltd, China. It is a transparent bi-component silicone rubber, and the pure elastomer sample is shown in figure 3 . The molds and sample photos of MSEs with uniformly distributed 8 mm and 4 mm particles are shown in figures 4 and 5, respectively. The MSE samples are made layer by layer and the particles are positioned by the mold plate with holes. Three kinds of samples are prepared, and their parameters are listed in table 1. The value of particle volume fraction, φ = 27%, was proposed by Davis [15] .
Experimental facilities
To test the magnetostrictive properties of MSEs, an electromagnetic system was developed as shown in figure 6 . The electromagnet is assembled by upper T type core, upper cover, left core, lower cover, lower T type core, lower coil, right core and upper coil, as shown in figure 6(a) . The distance between the two magnetic poles is 40 mm, and the section of each magnetic pole is a rectangle of 46 mm × 58 mm. A real photo of the electromagnet is shown in figure 6(b) . When the input current I exists in the coils, the electromagnetic system produces a magnetic field H, and the magnetostrictive phenomenon occurs in the MSE sample at the same time. In a solenoid electromagnet with iron core, the current passing through a coil will produce a magnetic field according to the relation
where H (A m −1 ) is the magnetic field strength, I (A) is the current passing through the coil, W is the number of coil turns and h (m) is the height of the air gap.
The value of magnetic induction B is expressed by the equation as
where B (T) is the magnetic induced intensity, µ = µ air µ 0 is the absolute magnetic permeability of the air gap, and µ air = 1 is the relative magnetic permeability of the air. In this electromagnet, the coils are composed of wound copper wire whose diameter is 1 mm, the number of each coil turns W is 705, and the electric resistance of each coil is about 4.5 . The power supply unit can supply a direct current (DC) output of 110 V-16 A. When the height of the air gap h is 0.04 m, the electromagnet can produce a maximum magnetic field with H ≈ 430 kA m −1 , B ≈ 0.54 T.
In table 2, the magnetic induced intensity B is measured by a teslameter (Model: WT10A, Weite Magnetoelectricity Technology Co. Ltd, China), and its values show a perfect proportional relationship with the input current I. Between the upper pole and lower pole, the magnetic field distribution is nearly uniform.
Test results
In the experimental process, the samples were placed on the center of the lower pole (not glued). Magneto-deformation of the millimeter-sized particle samples is significant and can be easily captured by human eyes. A 12.3 megapixel digital camera (Nikon Japan) is used to capture the deformation pictures of the MSE samples. In the pictures, 1 mm will take 50-60 pixel points, so the accuracy can reach to about 0.02 mm and satisfy the needs of measurement.
Figures 7 and 8 show the magnetostrictive phenomena of samples with 8 mm and 4 mm particles, respectively. Figures 7(a) and 8(a) show the undeformed status of the samples, and figures 7(b) and 8(b) show the deformed status. Both samples have more than 1 mm deformations. The magnetostrictive strain is about 4% which is a very significant magnetostrictive effect.
It also can be found that the magnetostrictive strain increases with the increasing of the magnetic field strength H, as shown in table 2. From the front view picture, the definition of magnetostrictive stain ε is given in figure 9 .
Numerical simulation
Magnetic field and sample parameters
In the numerical model, a uniform magnetic field has been assumed, and several important parameters were selected to investigate their effects on the magnetostrictive effect of MSEs. The magnetic field strength H is selected to investigate the effect of magnetic field. x = D/d 0 is a dimensionless quantity, in which D is the particle diameter and d 0 is the initial distance between two adjacent particles as shown in figure 10 . Another important parameter is the volume fraction φ of particles in the MSE samples.
Material properties
The mechanical properties of iron particles were obtained from an online website [16] . The silicone rubber's mechanical properties were obtained through several experimental measurements, including tension, compression and shear tests. Typical compression test results are presented in figure 11 for both MSE and matrix materials. The stress-strain relationship of the matrix is approximately linear when the strain is up to 50%, and those of the MSEs are also approximately linear when the strains are up to 13%. The magnetic properties were gained from [15] . Details are listed in table 3. 
Finite element model and boundary conditions
The magneto-structural coupling simulation was carried out by using the ANSYS Multiphysics software package. The full 3D (three-dimensional) geometry model was built. Both the structural dimension and boundary conditions were identical with the experimental situations. The simulation involves two analyses, one is the magneto-static analysis and the other is the static structural analysis. The former is based on the Maxwell's equations, and the latter is based on the static equilibrium equations. In the magnetic field environment, the sample is surrounded with a layer of air as shown in figure 12 , and the whole model is meshed using the 3D magnetic scalar elements, Solid 96. The magnetic scalar potential on the top surface of the model is imposed according to equation (14) , and on the bottom surface, it equals zero. The relationship between magnetic induction B and magnetic scalar potential ϕ is shown in equation (13) .
Then,
In the structural field environment, the sample is meshed using the 3D brick elements, Solid 45. Magnetic forces obtained from the magnetic field environment are imposed on every particle's nodes as loads, and 'surface to surface contact' is defined between the bottom surface of the sample and the top surface of the lower magnetic pole. The 'surface to surface contact' boundary condition considers both the normal constrain (UZ) and the transverse friction (UX and UY).
Numerical results
Using the magneto-structural coupling algorithm mentioned in section 2, a series of numerical simulations was carried out, and many valuable results were obtained. Most of these results could not be easily measured by experiments, such as the distribution of magnetic induction, magnetic force, stress, and strain in the MSE samples. A few could be measured, such as magnetostrictive strain, which was used for model verification in this study.
These results are shown in figures 13-16. In each figure, the left half shows the result of the MSE sample with uniformly distributed 8 mm particles, and the right half shows the result of the MSE sample with uniformly distributed 4 mm particles, and the applied magnetic field strength H = 282 kA m −1 .
In figure 13(a) , the position of the sectional drawing is shown on the top view of the MSE samples. Due to the particle layer being an odd number for MSE with 8 mm particles, while an even number for 4 mm particles, the cross Figure 11 . Stress-strain relationships of matrix and MSE samples (compression).
section locates on the center horizontal symmetry plane for the former, while on the asymmetry plane through the center line of the third horizontal particle row for the latter.
In figures 13(b) and (c), the scalar and vector distribution of the magnetic induced field are shown, respectively. The maximum values are 1.644 T (when D = 8 mm) and 1.666 T (when D = 4 mm), respectively, and both do not reach the saturation of pure iron (about 2.1 T). It is observed that the non-uniform distribution of magnetic induction only occurs around the particles, but the distribution of magnetic induction is nearly uniform macroscopically.
In figure 14 , the magnetic force distribution in the MSE model is demonstrated. It can be found that each particle has a trend moving towards the horizontal center line due to the attractive interactions within the chain in the vertical direction, and a trend moving away from the vertical center line due to the repulsive interactions between adjacent chains in the horizontal direction at the same time. In the experiment, the bottom surface of the sample has to be supported vertically by the lower pole of the electromagnet, and this initial condition makes particles move downward when the magnetic field is applied, which, along with equation (25) in the discussion section, can explain the negative magnetostrictive strain of test results in the vertical direction. The final displacement and shape of this specified model are shown in figure 15 . From figures 15(a) and (c), a negative magneto-displacement can be found. The maximum displacements are 1.810 mm (when D = 8 mm) and 1.955 mm (when D = 4 mm), respectively, and both are located around the center particle chains as shown in figure 15(b) . In The Von-Mises stress distribution on the cross section is shown in figure 16(a) , and the maximum values are about 0.462 MPa (when D = 8 mm) and 0.479 MPa (when D = 4 mm), respectively, and both locate on the particles in the middle layers. The maximum Von-Mises stresses of the matrix locate between two adjacent particles in a chain. In figure 16(b 
Numerical validation with test results
Several numerical calculations corresponding to the experimental situations have been accomplished. The magnetostrictive strains of the simulation are calculated in terms of the definition in figure 9 and listed in table 4. Figures 17(a) and (b) show an increasing trend of magnetostrictive strain with the increasing of magnetic field strength H in both experimental and simulation results. The simulation results are consistent with the experimental ones.
Results and discussions
To predict the magnetostrictive effect of MSEs, several empirical formulas were obtained through fitting the simulation results. An analytical equation was also provided for qualitative investigation.
Effect of magnetic field strength H
Define the average magnetostrictive strainε as in which
where l i is the z-direction displacement of the ith node on the top surface, n is the number of all nodes on the top surface, and l is the height of the MSE sample.
In figure 18 , it can be seen that the relationship between average magnetostrictive strainε and magnetic field strength H approximately satisfies a quadratic polynomial expression as shown in equation (17) .
For variant particle volume fraction φ, the equation fits the simulation results very well. The values of constant a 0 for different particle volume fraction φ are: a 0 = 2.3 × 10 −5 for φ = 15%, a 0 = 3.6 × 10 −5 for φ = 18%, a 0 = 5.1 × 10 −5 for φ = 21%, a 0 = 6.6 × 10 −5 for φ = 24%, a 0 = 8.2 × 10 −5 for φ = 27%, and a 0 = 9.9 × 10 −5 for φ = 30%. The larger the magnetic field strength H is, the larger the average magnetostrictive strainε is.
Effect of ratio x
The fitted curves have the cubic polynomial form as shown in figure 19 , and equation (18) provides the corresponding expression. This equation fits the simulation results very well for different magnetic field strength H. The closer the distance between two adjacent particles is, the larger the average magnetostrictive strainε is.
The values of constants a 0 , a 1 , a 2 and a 3 are listed in table 5. 
Effect of particle diameter D
As shown in figure 20, when the particle diameter D changes from 3 to 8 mm, the average magnetostrictive strainε just has a very small variation. For example,ε ≈ 0.41% for H = 70.5 kA m −1 ,ε ≈ 1.64% for H = 141 kA m −1 ,ε ≈ 3.70% for H = 211.5 kA m −1 , andε ≈ 6.58% for H = 282 kA m −1 . It could be concluded that the particle diameter D has little influence on the average magnetostrictive strainε, i.e.
5.4. Effect of particle volume fraction φ
In figure 21 , the curves of average magnetostrictive strainε versus φ are nearly straight lines. This means that the average magnetostrictive strainε and the particle volume fraction φ have a nearly linear relationship as shown in equation (21). The higher the volume fraction φ is, the larger the average magnetostrictive strainε is.
The values of constants a 0 and a 1 are listed in table 6.
Magnetic interactions between particles
Assuming that each iron particle has the same magnetic dipole moment [11, 15] ,
where V is the volume of an iron particle, and M is the particle magnetization. Magnetic induction B created by a magnetic moment m is calculated using the dipolar magnetic field expression [17] .
where d is the distance vector between two particles as shown in figure 22 , and µ m is the relative permeability of the matrix material. Substituting equation (23) into equation (2), the interaction energy U can be expressed as
where θ is the angle between m and d.
Considering particles in chains aligned with the direction of external field B, substitute θ = 0 into equation (24), then In equation (25), U has a negative value, which means that the particles will attract each other. Considering particles in different chains, and their distance vector d is perpendicular to the magnetic induction B, then θ = π/2, and equation (24) has the following form:
In equation (26), U has a positive value, which means that the particles will repel each other. The absolute value of U in equation (26) is only half of that in equation (25) for the same d.
Assuming that each particle has the average interaction energy,Ū
where ζ is a constant for the specified MSE samples. Thus, the magnetic energy density is
where φ is the volume fraction of iron particles in the MSE samples. The magnetostrictive strain of the MSE sample can be expressed as [18] 
The magnetic field induced stress can be expressed as
For a specified sample with a small displacement, it can be assumed that
Equation (30) will have the following form:
Equation (32) shows that the magnetic field induced stress is related to several important factors.
(1) It has a quadratic relationship with particle magnetization M.
(2) It has a linear relationship with particle volume fraction φ.
(3) It has a cubic relationship with D/d 0 .
In this study, the stress-strain relationship of MSEs is nearly linear as shown in figure 11 . Therefore, the magnetostrictive strain has the same trend as the magnetic field induced stress.
Conclusions
A novel magneto-structural coupling algorithm was developed and the magnetostrictive effect of MSEs was investigated numerically. An electromagnetic test system for magnetostrictive measurement was developed, and several MSE samples with millimeter-sized particles embedded in silicone rubber were fabricated and tested using this self-developed test device. The accuracy of the proposed simulation method was evaluated by experimental validation. For the specified samples and test conditions in this study, both simulation and experimental results show a negative magnetostrictive strain.
Several empirical formulas were provided for predicting the magnetostrictive strain of the presented MSE samples under the specified magnetic field environment.
The empirical formulas show the influence of the four key parameters as follows. Both the magnetic field intensity and the distance between two adjacent particles in a chain have great influences on the magnetostrictive effect of MSEs. In addition, the particle volume fraction has a positively linear relationship with the magnetostrictive strain of MSE samples. However, the particle diameter D has little influence on the magnetostrictive effect of MSEs.
An analytical equation was also derived based on magnetic interactions between particles in this paper. A more comprehensively analytical study will be pursued in future work.
